Abstract. Let m be a positive integer, let r be a prime such that 2 is a primitive root modulo r m , and let q = 2 (r−1)r m−1 . In this note a binomial exponential sum over F q which assumes 3 2 log 2 q + 2 distinct values is explicitly evaluated and its value distribution is determined.
Introduction
Let m be a positive integer, and let r be a prime such that 2 is a primitive root modulo r , where φ is the Euler function. Let a, b ∈ F q , and let γ be a primitive element of F q . Let χ be the canonical additive character of F q . In this note we shall explicitly evaluate sum (see Theorems 1 and 7), and moreover, determine its value distribution (see Theorems 3 and 8, and Examples 4 and 9). As an application, the weight distribution of the dual of a cyclic code of length q − 1 with dening zeros γ and γ (q−1)/r m is given (see Corollary 10 and Example 11).
The evaluation of an exponential sum over a nite eld is a very hard problem in general, and it has been achieved only in certain special cases (see e.g. [1, 2, 3, 4, 10, 8, 6] ). A common feature for the sums for which the evaluation has been succeeded seems to be that they attain only a few distinct values. Here we shall see that S(a, b) assumes 3φ(r m )/2 + 2 distinct values.
Evaluation of S(a, 0)
Let r,m, q = 2 φ(r m )
, χ and γ be as in the introduction. Let Tr be the trace function from F q onto F 2 , and let α = γ We observe that F q = F 2 (α) since 2 is a primitive root modulo r m , and express a in basis {α, α 2 , . . . , α
where a j ∈ F 2 for all j = 1, . . . , (r − 1)r m−1
the following subvector of length r − 1 of the coordinate vector a = (a 1 , . . . , a φ(r m ) ) of a:
Let wt(x) denote the Hamming weight of a binary vector x.
Moreover, there exists b ∈ F q such that each subvector b
is of even weight and
The following simple lemma is key in proving Theorem 1. 
and therefore
This proves the rst assertion in Theorem 1. For a proof of the second assertion we observe, that we may choose for each odd weight subvector a
and therefore there exists b ∈ F q such that
and the proof is complete.
The method of replacing the odd weight subvectors with even weight subvectors, used in the proof of Theorem 1, can also be used in opposite direction to construct all the vectors a for which S(a) = r m − 4j for a xed integer j, and this enables us to determine the value distribution of S(a). Moreover, for j ∈ {1, . . . , t(r − 1)/2} the number of elements a ∈ F q such that
where n s = m v for all s, v. In particular, if m = 1, then each value r − 4j is attained exactly r 2j
times. If k = 0 or k = t, the most inner sum is dened to be . It follows that −r m + 2r m−1 ≤ S(a) ≤ r m − 4, and therefore S(a) = r m − 4j for some j ∈ A. On the other hand, for j ∈ A we may write 2j = (r − 1)s + k, where s and k are non-negative integers with k even and 0 ≤ k ≤ r − 3. Therefore, for each number 2j with j ∈ A there exists an element b ∈ F q such that all its subvectors b (i) are of even weight and wt(b) = 2j. Hence, the assertion concerning the value set is true.
Let j ∈ A, and let (2i 1 , 2i 2 , . . . , 2i t ) be a non-negative solution of x 1 + x 2 + · · · + x t = 2j. Let a ∈ F q such that wt(a (in) ) = 2i n for n = 1, . . . , t. Now, by replacing the subvectors a , and i 1 + · · · + i t = j has exactly t j solutions with 0 ≤ i 1 , . . . , i t ≤ 1. For each such solution
and therefore the value set value set of 
where H is the subgroup of F * q generated by γ r m .
We are now able to evaluate S(a, b) in the case ab = 0.
Theorem 7. Let a, b ∈ F * q , and let c = ab
where S(c) is given in Theorem 1. In particular, if m = 1, then
Proof. By using the partition
and now, by Lemma 6, we get
By Lemma 2, Tr(c) = Moreover, for j ∈ {1, . . . , t(r − 1)/2} the number of pairs 
